
                                                                  第 1 頁(共 1 頁) 

❖ 本次會考禁止使用計算機。 

1. 求𝑓(𝑥)在指定區間的絕對極大值(absolute maximum)與絕對極小值(absolute minimum)。 

(𝑎) 𝑓(𝑥) = 𝑥
2
3 (

5

2
− 𝑥 ),       [−2, 2]                                            (10%) 

(𝑏) 𝑓(𝑥) = 𝑥 − 2 sin 𝑥 ,        [0, 2𝜋]                                             (10%) 

2. 函數 𝑓(𝑥) =
8𝑥

𝑥2+4
，求                                                        (20%) 

(a) 遞增(increasing)與遞減(decreasing)的開放區間以及相對高點與相對低點的座標位置。 

(b) 凹口向下(concave down)與凹口向上(concave up)的開放區間以及反曲點的座標位置。 

3. 試求下列所示之極限值。 

(𝑎) lim
𝑥→0

[ln(1 − cos 𝑥) − ln (
𝑥2

2
)]          (5%) 

(𝑏) lim
𝑥→0+

[
1

ln(1 − sin 𝑥)
−

1

sin 𝑥
]              (5%) 

4. 試求下列函數之不定積分。 

(𝑎) ∫ √𝑥(1 + 𝑥2)2 𝑑𝑥         (5%)               (𝑏) ∫
sin 2𝑥

sin2 𝑥
𝑑𝑥                          (5%) 

(𝑐) ∫
(𝑎 + 𝑏𝑥2)

√3𝑎𝑥 + 𝑏𝑥3
𝑑𝑥          (5%)               (𝑑) ∫ 𝑒tan 2𝑥 sec2 2𝑥 𝑑𝑥      (5%) 

(𝑒) ∫ √cot 𝑥 csc2 𝑥 𝑑𝑥         (5%)             

5. 試計算下列函數之定積分。  

(𝑎) ∫ (1 − 𝑥2)3
1

0

𝑑𝑥             (5%)                 (𝑏) ∫ |sin 𝑥|

3𝜋
2

0

𝑑𝑥                   (5%) 

(𝑐) ∫
cos (1/𝑥2)

𝑥3
𝑑𝑥

1

1
2

          (5%)                (𝑑) ∫
(ln 𝑥)3

𝑥

4

1

𝑑𝑥                   (5%) 

(𝑒)
𝑑

𝑑𝑥
∫

cos 𝑡

𝑡
𝑑𝑡

𝑥

√𝑥

               (5%)            
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❖ The use of scientific calculators is not permitted in examinations. 

1. Find the absolute maximum and the absolute minimum values on the given 

interval.  

(𝑎) 𝑓(𝑥) = 𝑥
2

3 (
5

2
− 𝑥),      [−2, 2]           (10%) 

(𝑏) 𝑓(𝑥) = 𝑥 − 2 sin𝑥,      [0, 2𝜋]                         (10%) 

2. Given a function 𝑓(𝑥) =
8𝑥

𝑥2+4
 

(𝑎) Find the increasing intervals, the decreasing intervals, relative maximum values 

and relative minimum values. (10%) 

(𝑏) Find the interval of concavity and inflection points. (10%) 

3. Evaluate  

(𝑎)    lim
𝑥→0

[ln(1 − cos 𝑥) − ln
𝑥2

2
]                      (5%) 

(𝑏)  lim
𝑥→0+

[
1

ln(1 − sin 𝑥)
−

1

sin 𝑥
]                       (5%) 

4. Evaluate each of the following indefinite integrals.  

(𝑎) ∫ √𝑥(1 + 𝑥2)2 𝑑𝑥         (5%)               (𝑏) ∫
sin 2𝑥

sin2 𝑥
𝑑𝑥                          (5%) 

(𝑐) ∫
(𝑎 + 𝑏𝑥2)

√3𝑎𝑥 + 𝑏𝑥3
𝑑𝑥          (5%)               (𝑑) ∫ 𝑒tan 2𝑥 sec2 2𝑥 𝑑𝑥      (5%) 

(𝑒) ∫ √cot 𝑥 csc2 𝑥 𝑑𝑥         (5%)             

5. Evaluate each of the following definite integrals.  

(𝑎) ∫ (1 − 𝑥2)3
1

0

𝑑𝑥             (5%)                 (𝑏) ∫ |sin 𝑥|

3𝜋
2

0

𝑑𝑥                   (5%) 

(𝑐) ∫
cos (1/𝑥2)

𝑥3
𝑑𝑥

1

1
2

          (5%)                (𝑑) ∫
(ln 𝑥)3

𝑥

4

1

𝑑𝑥                   (5%) 

(𝑒)
𝑑

𝑑𝑥
∫

cos 𝑡

𝑡
𝑑𝑡

𝑥

√𝑥

               (5%)            
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1. Find the absolute maximum and the absolute minimum values on the given interval.      

(a) 10分 

𝑓(𝑥) = 𝑥
2
3 (
5

2
− 𝑥),      [−2 ,2] 

Sol.  

𝑓′(𝑥) =
𝑑

𝑑𝑥
[𝑥
2
3] (
5

2
− 𝑥) + 𝑥

2
3 ⋅
𝑑

𝑑𝑥
[
5

2
− 𝑥] =

2

3
𝑥−
1
3 (
5

2
− 𝑥) + 𝑥

2
3(0 − 1)

= 𝑥−
1
3 [
5

3
−
2

3
𝑥 − 𝑥] = 𝑥−

1
3(
5

3
−
5

3
𝑥) 

Set 𝑓′(𝑥) = 𝑥−
1

3 (
5

3
−
5

3
𝑥) = 0, the critical numbers are 𝑥 = 0, 𝑥 = 1 

𝑥 = −2, 𝑓(−2) = (−2)
2

3 (
5

2
− (−2)) = √4

3
⋅
9

2
=
9 √4
3

2
  

𝑥 = 0, 𝑓(0) = 0
2

3 ⋅ (
5

2
− 0) = 0  

𝑥 = 1, 𝑓(1) = 1
2

3 ⋅ (
5

2
− 1) =

3

2
  

𝑥 = 2, 𝑓(2) = 2
2

3 (
5

2
− 2) = √4

3
⋅
1

2
=

√4
3

2
  

The absolute maximum is 𝑥 = −2: (−2,
9 √4
3

2
) 

The absolute minimum is 𝑥 = 0: (0, 0) 

 

1. Find the absolute maximum and the absolute minimum values on the given interval. 

(b) 10分 

𝑓(𝑥) = 𝑥 − 2 sin(𝑥),     [0, 2𝜋] 

Sol: 

𝑓′(𝑥) =
𝑑

𝑑𝑥
[𝑥] − 2 cos(𝑥) =

1

2
− 2 cos(𝑥) 

Set 𝑓′(𝑥) = 1 − 2 cos(𝑥) = 0, then cos(𝑥) =
1

2
, 𝑥 =

𝜋

3
, 𝑥 =

5

3
𝜋 

𝑥 = 0, 𝑓(0) = 0 − 2 sin(0) = 0 − 2 ⋅ 0 = 0  

𝑥 =
𝜋

3
, 𝑓 (

𝜋

3
) =

𝜋

3
− 2 sin (

𝜋

3
) =

𝜋

3
− 2 ⋅

√3

2
=
𝜋

3
− √3  

𝑥 =
5

3
𝜋, 𝑓 (

5

3
𝜋) =

5

3
𝜋 − 2 sin (

5

3
𝜋) =

5

3
𝜋 + √3  

𝑥 = 2𝜋, 𝑓(2𝜋) = 2𝜋 + 2 sin(2𝜋) = 2𝜋 + 0 = 2𝜋  
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The absolute maximum is 𝑥 =
5

3
𝜋: (

5

3
𝜋,
5

3
𝜋 + √3) 

The absolute minimum is 𝑥 =
𝜋

3
: (
𝜋

3
,
𝜋

3
− √3) 

 

2. (a) Find the increasing intervals, the decreasing intervals, relative maximum values and relative 

minimum values (10分) 

𝑓(𝑥) =
8𝑥

𝑥2 + 4
 

Sol. 

𝑓′(𝑥) =
8(𝑥2 + 4) − 8𝑥(2𝑥 + 0)

(𝑥2 + 4)2
=
8𝑥2 + 32 − 16𝑥2

(𝑥2 + 4)2
=
−8 ⋅ (𝑥2 − 4)

(𝑥2 + 4)2
 

Set 𝑓′(𝑥) =
−8(𝑥2−4)

(𝑥2+4)2
= 0, the critical numbers are 𝑥 = 2, 𝑥 = −2 

The increasing interval is (−2,2) 

The decreasing intervals are (−∞,−2) ∪ (2,∞) 

The relative maximum is 𝑥 = 2, 𝑦 =
8⋅2

22+4
=
16

16
= 1 

The relative minimum is 𝑥 = −2, 𝑦 =
8⋅(−2)

(−2)2+4
= −

16

16
= −1 

 

2. (b) Find the interval of concavity and inflection points (10分) 

𝑓(𝑥) =
8𝑥

𝑥2 + 4
 

Sol.  

𝑓′′(𝑥) =
−8 ⋅ 2𝑥 ⋅ (𝑥2 + 4)2 − (−8)(𝑥2 − 4) ⋅ 2(𝑥2 + 4)(2𝑥 + 0)

[(𝑥2 + 4)2]2

=
−16𝑥(𝑥2 + 4)2 + 32𝑥(𝑥2 − 4)(𝑥2 + 4)

(𝑥2 + 4)4

=
(𝑥2 + 4)[−16𝑥(𝑥2 + 4) + 32𝑥(𝑥2 − 4)]

(𝑥2 + 4)4

=
(𝑥2 + 4)[−16𝑥3 − 64𝑥 + 32𝑥3 − 128𝑥]

(𝑥2 + 4)4
=
(𝑥2 + 4)[16𝑥3 − 192𝑥]

(𝑥2 + 4)4

=
16𝑥(𝑥 + 4)(𝑥2 − 12)

(𝑥2 + 4)4
=
16𝑥(𝑥2 − 12)

(𝑥2 + 4)3
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Set 𝑓′′(𝑥) =
16𝑥(𝑥2−12)

(𝑥2+4)3
= 0, the possible inflection points are 𝑥 = 0, 𝑥 = +2√3, 𝑥 = −2√3 

The concave upward intervals are (−2√3, 0) ∪ (2√3,∞) 

The concave downward intervals are (−∞,−2√3) ∪ (0, 2√3) 

The inflection point are  

𝑥 = 0, 𝑦 =
8⋅0

02+4
=
0

4
= 0  

𝑥 = 2√3, 𝑦 =
8⋅2√3

(2√3)
2
+4
=
16√3

12+4
= √3  

𝑥 = −2√3, 𝑦 =
8⋅(−2√3)

(−2√3)
2
+4
=
−16√3

12+4
= −√3  

 

3. Evaluate  

(a) 5分 

lim
𝑥→0
[ln(1 − cos 𝑥) − ln (

𝑥2

2
)]  = ln(1 − 1) − ln (

02

2
) = ln  0 − ln  0 = (−∞) − (−∞)

= lim
𝑥→0

ln
1 − cos 𝑥

1
2 𝑥

2
= ln(lim

𝑥→0

1 − 1

1
2 ⋅ 0

2
) = ln (

0

0
) 

𝐿′𝐻𝑜𝑝𝑖𝑡𝑎𝑙
→      ln(lim

𝑥→0

𝑑
𝑑𝑥
[1 − cos 𝑥]

𝑑
𝑑𝑥
[
1
2𝑥

2]
) = ln(lim

𝑥→0

0 − (− sin 𝑥)

1
2 ⋅ 2𝑥

 ) = ln (lim
𝑥→0

sin 𝑥

𝑥
) = ln (

0

0
) 

𝐿′𝐻𝑜𝑝𝑖𝑡𝑎𝑙
→      ln (lim

𝑥→0

𝑑
𝑑𝑥
[sin 𝑥]

𝑑
𝑑𝑥
[𝑥]

) = ln (lim
𝑥→0

cos 𝑥

1
) = ln (

1

1 
) = ln  1 = 0     
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3. Evaluate  

(b) 5分 

lim
𝑥→0+

[
1

ln(1 − sin 𝑥)
−

1

sin 𝑥
] =

1

ln(1 − 0)
−
1

0
= ∞−∞ 

= lim
𝑥→0+

sin 𝑥 − ln(1 − sin 𝑥)

ln(1 − sin 𝑥) sin 𝑥
=
0

0

𝐿′𝐻𝑜𝑝𝑖𝑡𝑎𝑙
→      

= lim
𝑥→0+

𝑑
𝑑𝑥
[sin 𝑥 − ln(1 − sin 𝑥)]

𝑑
𝑑𝑥
[ln(1 − sin 𝑥) sin 𝑥]

= lim
𝑥→0+

cos 𝑥 −
1

1 − sin 𝑥
⋅ [0 − cos 𝑥]

1
1 − sin 𝑥 ⋅

[0 − cos(𝑥)] ⋅ sin 𝑥 + ln(1 − sin 𝑥) ⋅ cos 𝑥

=
0 −

1
1 − 0 ⋅ [0 − 1]

1
1 − 0 ⋅

[0 − 1] ⋅ 0 + ln(1 − 0) ⋅ 1
=
0 − (−1)

0 + 0
=
1

0
= ∞ 

 

 

 

 

4. Evaluate each of the following indefinite integrals.  

(a) 5分 

∫√𝑥(1 + 𝑥2)2𝑑𝑥 = ∫𝑥
1
2 ⋅ (1 + 2𝑥2 + 𝑥4) 𝑑𝑥

= ∫𝑥
1
2 + 2𝑥

5
2 + 𝑥

9
2𝑑𝑥

=
𝑥
1
2
+1

1
2 + 1

+ 2 ⋅
𝑥
5
2
+1

5
2 + 1

+
𝑥
9
2
+1

9
2 + 1

=
𝟐

𝟑
𝒙
𝟑
𝟐 +

𝟒

𝟕
𝒙
𝟕
𝟐 +

𝟐

𝟏𝟏
𝒙
𝟏𝟏
𝟐 + 𝒄 

 

 

 

4. Evaluate each of the following indefinite integrals.  

(b) 5分 

∫
sin 2𝑥

sin2 𝑥
𝑑𝑥 = ∫

2 sin 𝑥 cos 𝑥

(sin 𝑥)2
𝑑𝑥 = 2∫

cos 𝑥

sin 𝑥
𝑑𝑥 = 2∫cot 𝑥 𝑑𝑥 = 2 ⋅ ln|sin 𝑥| + 𝑐 
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4. Evaluate each of the following indefinite integrals.  

(c) 5分 

∫
(𝑎 + 𝑏𝑥2)

√3𝑎𝑥 + 𝑏𝑥3
𝑑𝑥 

Let 𝑢 = 3𝑎𝑥 + 𝑏𝑥3, 𝑑𝑢 = (3𝑎 + 3𝑏𝑥2)𝑑𝑥, 𝑑𝑥 =
𝑑𝑢

3𝑎+3𝑏𝑥2
 

∫
(𝑎 + 𝑏𝑥2)

√𝑎𝑥 + 𝑏𝑥3
𝑑𝑥 = ∫

(𝑎 + 𝑏𝑥2)

√𝑢
⋅

𝑑𝑢

3𝑎 + 3𝑏𝑥2
= ∫

(𝑎 + 𝑏𝑥2)

3(𝑎 + 𝑏𝑥2)
⋅
1

𝑢
1
2

𝑑𝑢

=
1

3
∫𝑢−

1
2 𝑑𝑢 =

1

3
⋅
𝑢−

1
2
+1

−
1
2
+ 1

=
1

3
⋅ 2𝑢

1
2 =

2

3
√3𝑎𝑥 + 𝑏𝑥3 + 𝑐 

 

 

4. Evaluate each of the following indefinite integrals.  

(d) 5分 

∫𝑒
tan 2𝑥

sec2 2𝑥 𝑑𝑥 

Let 𝑢 = tan2𝑥 , 𝑑𝑢 = sec2(2𝑥) ⋅
𝑑

𝑑𝑥
[2𝑥] =2 sec2(2𝑥) 𝑑𝑥, 𝑑𝑥 =

𝑑𝑢

2 sec2(2𝑥)
 

∫ 𝑒tan2𝑥 sec2 2𝑥 𝑑𝑥 = ∫𝑒𝑢 ⋅ sec2 2𝑥 ⋅
𝑑𝑢

2 sec2 2𝑥
=
1

2
∫ 𝑒𝑢 𝑑𝑢 =

1

2
𝑒𝑢 =

1

2
𝑒tan (2𝑥) + 𝑐  
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4. Evaluate each of the following indefinite integrals.  

(e) 5分 

∫√cot 𝑥 csc2 𝑥 𝑑𝑥 

Let 𝑢 = cot 𝑥 , 𝑑𝑢 = −csc2 𝑥 𝑑𝑥, 𝑑𝑥 =
−𝑑𝑢

csc2 𝑥
 

∫√cot 𝑥 ⋅ csc2 𝑥 𝑑𝑥 = ∫√𝑢 ⋅ csc2 𝑥 ⋅
−𝑑𝑢

csc2 𝑥
= −∫𝑢

1
2 𝑑𝑢 = −

𝑢
1
2
+1

1
2
+ 1

= −
2

3
𝑢
3
2

= −
2

3
√cot3 𝑥 + 𝑐 

 

5. Evaluate each of the following definite integrals.  

(a) 5分 

∫ (1 − 𝑥2)3
1

0

𝑑𝑥 = ∫ (1 − 3𝑥2 + 3𝑥4 − 𝑥6)
1

0

𝑑𝑥

= [𝑥 − 3 ⋅
𝑥2+1

2 + 1
+ 3 ⋅

𝑥4+1

4 + 1
−
𝑥6+1

6 + 1
]
0

1

= [𝑥 − 𝑥3 +
3

5
𝑥5 −

1

7
𝑥7]

0

1

= [(1 − 13 +
3

5
⋅ 15 −

1

7
⋅ 17) − (0 − 03 +

3

5
⋅ 05 −

1

7
⋅ 07 )]

= [(1 − 1 +
3

5
−
1

7
) − 0] =

21 − 5

35
=
16

35
  

 

5. Evaluate each of the following definite integrals.  

(b) 5分 

∫ | sin 𝑥 |𝑑𝑥

3
2
𝜋

0

= ∫ sin 𝑥
𝜋

0

𝑑𝑥 + ∫ (−sin 𝑥)

3
2
𝜋

𝜋

𝑑𝑥 = [−cos 𝑥]0
𝜋 − [−cos 𝑥]𝜋

3
2
𝜋

= [−cos(𝜋) − [− cos(0)]] − [− cos (
3

2
𝜋) − [− cos(𝜋)]]

= [−(−1) + 1] − [0 + (−1)] = 1 + 1 − 0 + 1 = 3 

 



114學年度第一學期工學院微積分會考試題 // 參考答案   (Page 7 of 7) 

 

 

5. Evaluate each of the following definite integrals.  

(c) 5分 

∫
cos (1/𝑥2)

𝑥3

1

1
2

𝑑𝑥 

Let 𝑢 =
1

𝑥2
= 𝑥−2, 𝑑𝑢 = −2𝑥−3𝑑𝑥, 𝑑𝑥 = −

1

2
𝑥3𝑑𝑢 

∫
cos(1/𝑥1)

𝑥3

1

1
2

𝑑𝑥 = ∫
cos (𝑢)

𝑥3

𝑢=1

𝑢=4

⋅ (−
1

2
𝑥3𝑑𝑢) =

1

2
∫ cos(𝑢)
𝑢=4

𝑢=1

𝑑𝑢

=
1

2
⋅ [sin(𝑢)]𝑢=1

𝑢=4 =
1

2
[sin(4) − sin(1)] 

 

5. Evaluate each of the following definite integrals.  

(d) 5分 

∫
(ln 𝑥)3

𝑥

4

1

𝑑𝑥 

Let 𝑢 = ln 𝑥 , 𝑑𝑢 =
1

𝑥
𝑑𝑥, 𝑑𝑥 = 𝑥𝑑𝑢 

∫
(ln 𝑥)3

𝑥

4

1

𝑑𝑥 = ∫
𝑢3

𝑥
⋅ 𝑥𝑑𝑢

𝑢=ln 4

𝑢=ln 1=0

= ∫ 𝑢3
𝑢=ln4

𝑢=0

𝑑𝑢 = [
1

4
𝑢4]

𝑢=0

𝑢=ln 4

= [
1

4
(ln 4)4 −

1

4
04] =

1

4
(ln 4)4 

 

5. Evaluate each of the following definite integrals.  

(e) 5分 

𝑑

𝑑𝑥
[∫

cos 𝑡

𝑡

𝑥

√𝑥

𝑑𝑡] =
𝑑

𝑑𝑥
[∫

cos 𝑡

𝑡

𝑥

1

𝑑𝑡 + ∫
cos 𝑡

𝑡

1

√𝑥

𝑑𝑡]

= [
cos 𝑥

𝑥
− 0] + [0 −

cos√𝑥

√𝑥
⋅
𝑑

𝑑𝑥
[√𝑥]]

=
cos 𝑥

𝑥
− 0 + 0 −

𝑐𝑜𝑠√𝑥

√𝑥
⋅
1

2
𝑥−
1
2 =

cos 𝑥

𝑥
−
cos√𝑥

√𝑥
⋅
1

2√𝑥
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