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※本次測驗禁止使用電子計算機 

1. 求下列積分：  (6% × 10 = 60%) 

(a) ∫ + dxxx )1cot( 2     (b) ∫ −+
dx

xx 223
1     (c) ∫ + dxx )1ln( 2  

(d) ∫ − dxxe x 2sin       (e) ∫ + θθ d2)2sin1(      (f) ∫ θθ d2sec6  

(g) ∫ − dxx24        (h) ∫ +
dx

x 2/32 )4(
1       (i) ∫ +−

++ dx
xx
xx

)4()1(
8

2

2

 

(j) ∫
∞

+0 )1(
1 dx

xx
 

2. 一金字塔之底部是邊長為 a 的正方形， 

高為 h，使用切片積分法證明其體積 

haV 2

3
1

= 。  (10%) 

3. 分別以 (a) 圓柱殼法 (10%) 及 (b) 圓盤法 (10%) 

求以下 3 條線所包圍的區域繞 x = −2 軸旋轉所得旋轉體的體積。 

xy −= 4 ,  0=y ,  0=x  

4. 求以下曲線的弧長。  (10%) 

),ln(cos xy =   
3

0 π
≤≤ x  
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※ The use of scientific calculators is not permitted in examinations. 

1. Find the integral.   (6% × 10 = 60%) 

(a) ∫ + dxxx )1cot( 2     (b) ∫ −+
dx

xx 223
1     (c) ∫ + dxx )1ln( 2  

(d) ∫ − dxxe x 2sin       (e) ∫ + θθ d2)2sin1(      (f) ∫ θθ d2sec6  

(g) ∫ − dxx24        (h) ∫ +
dx

x 2/32 )4(
1       (i) ∫ +−

++ dx
xx
xx

)4()1(
8

2

2

 

(j) ∫
∞

+0 )1(
1 dx

xx
 

2. Prove that the volume of a pyramid with a 
  square base is 

    haV 2

3
1

=  

  where a is the length of the sides of the base 
  and h is the height of the pyramid.   (10%) 

3. Find the volume of the solid obtained by rotating the region bounded by the graphs of 

    xy −= 4 ,  0=y   and  0=x  

  about the line x = −2. 

  (a) Use the shell method.   (10%) 

  (b) Use the disk method.   (10%) 

4. Find the exact length of the curve.   (10%) 

    ),ln(cos xy =   
3

0 π
≤≤ x  
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標準答案試算表         

                                                            No.  1  

1. (a) Cxdxx
x
xdxxx ++=⋅
+
+

=+ ∫∫ )1sin(ln
2
12

)1sin(
)1cos(

2
1)1cot( 2

2

2
2  

(b) Cxdx
x

dx
xx

+





 −

=
−−

=
−+ ∫∫ 2

1arcsin
)1(2

1
23
1

222
 

(c) Let )1ln( 2 += xu  and dxdv =  → dx
x

xdu
1

2
2 +

=  and xv =  

Cxxxx

dx
x

xxdx
x

xxxdxx

++−+=









+
−−+=

+
−+=+ ∫∫∫

arctan22)1ln(
1

22)1ln(
1

2)1ln()1ln(

2

2
2

2

2
22

 

(d) Let dxedv x−=  and xu 2sin=  → xev −−=  and dxxdu 2cos2=  

∫ ∫ −−− +−= dxxexedxxe xxx 2cos22sin2sin    (1) 

Let dxedv x−=  and xu 2cos=  → xev −−=  and dxxdu 2sin2−=  

∫ ∫ −−− −−= dxxexedxxe xxx 2sin22cos2cos    (2) 

Substitute equation (2) into equation (1). 

( )∫ ∫ −−−− −−+−= dxxexexedxxe xxxx 2sin22cos22sin2sin  

∫ −−− −−= xexedxxe xxx 2cos22sin2sin5  

Cxexedxxe xxx +−−=∫ −−− 2cos
5
22sin

5
12sin  

(e) ∫∫ ++=+ θθθθθ dd )2sin2sin21()2sin1( 22  

Cd +−−=





 −

++= ∫ 8
4sin2cos

2
3

2
4cos12sin21 θθθθθθ  
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標準答案試算表         

                                                            No.  2  

(f) ∫ ∫∫ ⋅
+

=⋅= θθθθθθθθ ddd 2sec2
2

)2tan1(2sec)2(sec2sec 2
22

2226  

Cd +++=





 ++= ∫ 10

2tan
3

2tan
2
2tan2sec22tan

2
12tan

2
1 53

242 θθθθθθθ  

(g) Let θsin2=x . Then, θθ ddx cos2=  and θcos24 2 =− x  

CxxxCxxx

CCd

ddddxx

+
−

+=+
−

⋅⋅+=

++=++=+=

+
⋅==⋅=−

∫
∫ ∫ ∫ ∫

2
4

2
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2
4

2
2

2
arcsin2

cossin222sin2)2cos22(
2

2cos14cos4cos2cos24

22

22

θθθθθθθ

θθθθθθθ

 

(h) Let θtan2=x . Then, θθ ddx 2sec2=  and θsec242 =+x  

C
x

xC

ddddx
x

+
+

⋅=+=

===
+ ∫∫∫ ∫

44
1sin

4
1

cos
4
1

sec4
1sec2

)sec2(
1

)4(
1

2

2
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θ

θθθ
θ

θθ
θ

 

(i) 
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2
41)4()1(

8
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2

+
−
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−

=
+
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+
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=
+−
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x
x

xx
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x
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xx
xx  

Cxxdx
x

x
x

dx
xx
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
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+
−

−
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++
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(j) 
( )

Cxdx
xx

dx
xx

+=⋅
+

=
+ ∫∫ arctan2

2
1

1
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)1(

1
2  

[ ] [ ] ππππ
=⋅−⋅+−⋅=+=

+
+

+
=

+

∞→→
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+
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4
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h y h
s a
−

=

2 2
2 2

20 0 0

2 2
2 2 2 2 3

2 20
0

2

( ) ( )

1( 2 )
3

3

h h h

h
h

a h y aV s dy dy h y dy
h h

a ah hy y dy h y hy y
h h

a h

− = = = −  

 = − + = − +  

=

∫ ∫ ∫

∫
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標準答案試算表          

                                                                                                 No.  3  

2. 一金字塔之底部是邊長為 a 的正方形，高為 h，使用積分法證明其體積 

haV 2

3
1

= 。  (10%) 

 
 
 
 
 
 
 
 
 
 
 
3. 分別以 (a) 圓柱殼法 (10%) 及 (b) 圓盤法 (10%) 

求以下 3 條線所包圍的區域繞 x = −2 軸旋轉所得旋轉體的體積。 

xy −= 4 ,  0=y ,  0=x  

(a) 圓柱殼法 

半徑：x − (−2) = x + 2,  高：4 − x 

ππ

π

π

π

3
1603216

3
642

8
3

2

)82(2

)4)(2(2

4

0

2
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4
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=

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

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
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

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
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−+=

∫

∫
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標準答案試算表          

                                                                                                 No.  4  

(b) 圓盤法 

外徑：R (y) = 4 − y − (−2) = 6 − y  

內徑：r (y) = 0 − (−2) = 2 

[ ]

ππ

π

π

π

3
160

3
6496128

3
632

)1232(

2)6(

4

0

3
2

4

0

2

4

0
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=

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

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
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




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∫

∫
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4. 求以下曲線的弧長。  (10%) 

),ln(cos xy =   
3

0 π
≤≤ x  

x
x
x

dx
dy tan

cos
sin

−=
−

=  

[ ]
)32ln()01ln()32ln(

tanseclnsec

sectan11

3/
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